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Behavior of a transonic stream of gas perturbed by a body of revolution is inves-
tigated at some distance from that body in the hodograph plane, An asymptotic
expansion of the Legendre potential is derived,

The flow of a perfect gas stream, whose velocity at infinity is constant and
close to the speed of sound, past a slender body of revolution is considered, The
problem of attenuation of perturbations induced by the body of revolution in the
transonic stream in the region upstream of compression shocks at some distance
from the body is analyzed,

An asymptotic expansion of the velocity potential in the considered region
was obtained in [1] in variables of the physical plane of flow., However hodo-
graph variables proved to be more convenient in a number of problems, since
the equation of shock wave in these variables becomes determinate, Because
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of this the asymptotics of an axisymmetric transonic stream is derived here in
hodograph variables, The approximate Karmén equation for the potential of per-
turbed velocity is used in the analysis which is based on the method developed
in [2]. An asymptotic expansion of the Legendre potential which has the requi-
red property of regularity in the hodograph plane is derived, The problem of
retaining the regularity of obtained solution in its mapping onto the physical
plane is investigated,

1, Let the velocity U at infinity of a stream of perfect gas flowing past a body of
revolution be close to the speed of sound @.. We introduce a cylindrical system of co-
ordinates x, I, directing the & -axis along the axis of symmetry, We assume the motion
of gas to be everywhere isentropic and use the approximate Karmé4n equation [3] for the
potential @ (z, r) of perturbed velocity

o 020 02D 1 o0

T 0z o«? ar? r or =0 a.1)

for defining the flow in the considered region, In this equation function @ (z, r) and
the variables x and 7 are taken in the dimensionless form, Equation (1,1) is derived
on the assumption that the potential @ (x, r) is a small addition to the potential a
of the uniform stream whose velocity is equal to the critical speed a,.

The principal term of the asymptotic law of attenuation of perturbations induced in
a uniform sonic stream by a body of revolution is represented by the self-similar func-

tion [4'-6] (Do (l‘. r) — r_2’37f0 (g)’ g =z / 7“/’7 (1. 2)

In the case of transonic velocity of the unperturbed stream,function @, (z, r) is also
used as the principal term in the solution of the Kdrmdn equation in the problem of flow
past bodies of revolution, and the solution is sought in the form

O, 1) =04z, ) + O, (z, 1) (1.3)
with the assumption that in the investigated region | D, | << | @, |.
We pass in Eq, (1,1) to the hodograph variables y — @ and p = @,. To do this
we introduce the Legendre potential
¢ (u, U) =uzr+vr— O (x1 r)7 I = Py (u’ v), Yy = Py (u’ U) (1.4)

Applying transformation (1,4) to Eq, (1.1), we obtain for function ¢ (u, v) the equation

—UQyy + Puu + UcPv—l ((Puu Popy — (Puvz) =0 (1. 5)

By analogy with the form of solution in the physical plane [1] it is reasonable to
seek the solution of Eq, (1, 5), which defines the transonic stream at some distance from
the body, in the form o .
u
@ (U, V) = Qo (¥, V) + @1 (4, V) @1 (u, V) = > a, Qo MV, n=—5 (1.6)
k=1
Using the parametric representation of function f, (E) [5—T)

fo = 8:97%% (6-+3s — 2s%), & = s7% (1—2s)

we pass to the selection of new hodograph variables,
In the considered approximation s — () corresponds to the axis of symmetry r = 0,
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and s = %/, to the limit characteristics, As in [2] we introduce the new variable
(2‘7/:}‘3“/:)““/7 = exp o 1.7

In the considered region, i,e, for considerable r, exp o is small (0 - —oo).Taking
into consideration (1, 7) for the perturbed velocity components which correspond to solu-
tion (1,2) we obtain

u=23"(s—1)expo, v=2.97"(2s—3) exp(36/2) (1.8)

We shall consider Eqs, (1, 8) as transformation formulas from the hodograph variables
U and U to the new independent hodograph variables s and ¢. The Jacobian of this
transformation shows that there is a one-to-one correspondence between variables u and
U, and $ and 0 1If variables s and o are substituted for u and v by formulas (1, 8),
the variable 11 = u3/ 1? is a function of only s, and the Legendre potential expansion
(1. 6) assumes the form

P (s, 0) = @ (0) + @ (s, 0)
@0 (5) = coexp(5/ 3), @i (s, 0)= 2 ¢x exP (VS) X (5)
k=1

(1.9)

The first term in the right-hand part of the first formula (1, 9) is the principal term
which determines in the hodograph plane the law of attenuation of perturbations induced
in a uniform sonic stream by a body of revolution, The second term takes into account
the flow field variation induced by the deviation of the unperturbed stream velocity from
the speed of sound,

It is assumed that in the considered region | @4 (s, o) | << | @4 (6) | - However
at infinity in the physical plane (r - o0, ¢ — —oo) function ¢y must exceed the
principal term, since otherwise the continuation of solution ¢ (s, ¢) into infinity would
yield a stream with sonic velocity at infinity, The last condition imposes on the selec-
tion of the range of v, the following restriction

e LV Ve < L < vy < Y (1,10)

Furthermore we shall consider only negative values of v, since at a considerable distance
from the body the predominant part in the first formula (1, 9) is played by terms contain-
ing negative v,. Equation (1, 5) after the introduction in it of the new independent vari-
ables s and 0 assumes the form

9-271s (25 — 3) (QgsPos — Pso’) — 9271 s (s — 1) (3s — 4) X (1.11)
PsPss 1= 95 (35 — 4) Q@5 4= 27-271 (s — 1) Psos
9:2715 (s — 1)PePes—95@sPss — 27271 @gPgs + 9-271 (—0s% -
9s — 2) @2 + 9-271 (3s — 1) @06 -1- 9-271¢.2 = R (. @) == 0

which is accurate to within the multiplier s** exp (—70 / 2) which is neglected be -
cause in the investigated region it is nonzero,

It will be seen from (1, 11) that the nonlinear operator R (¢, ¢) is the finite sum of
quadratic operators R (¢, ¢)

R(p, ¢) = QR* (9, 9) = D L' (9) L¥ ()
i, k

i,k
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where L(@p) and L*(q) are linear operators which obviously do not contain the vari-
able 0. Substituting into the operator R function @ (s, o) from the first formula of
(1. 9) and allowing for the linearity of operators L (¢) and L* (¢), we obtain

R (9o - @1, Qo + @1) = R (@, @o) + T (90, @1) + R (@1, ®1) (1.12)
T (os ®1) = 22—1 (L (%o) Lk(‘Pl) + I (‘Pl)Lk (%0)]
ik

where T (@q, 1) denotes the part of operator R (g4 -I- @1, ®o 1+ @1), which remains
after the elimination from it of operators R (¢o, ¢o) and R (g, ¢;). Function @y(o)
is the solution of the transonic approximation of the equation for the Legendre potential,
hence in formula (1,12) R (@q, ¢o) = 0 and Eq, (1,11), after substitution into it of
solution (1, 9) assumes the form

2} exT (coexp (6 /3), X (s) exp (v;0)) = (1.13)
k=1
B g g ckCiR (X () exp (vi8), %1 (5) exp (v0)

A direct substitution will prove that operators 7’ and /% in Eq, (1,13) are
T (coexp (6 /3), %k (5) exp (v0)) = exp (/g + vi) ol L (v % () (1.14)
R (x; (s) exp (v0), % (s) exp (v,0)) = exp (v + v)) 6] P (Vi Viy %> %)

where L and P denote the linear and the quadratic differential operators, respectively,
Substituting expressions (1,14) into Eq, (1.13) and multiplying by exp (—o / 3) , we
obtain the latter in the form

Z i (Vs Ak (5)) €XP (v0) = — 2 2 k€ P (Viy vis Xi (8); %:(8) X (1.18)
k=1 k=1 I=1
exp (V¥ lg), vh!= — —é— - v + vy

Note that from all terms of this equation containing function Xx (s) (for some fixed k)-
the term in the left-hand part contains exp o of the lowest power, Collecting in Eq,
(1,15) terms with equal coefficients exp «; o and equating these to zero, we obtain
the equation for determing function ¥: (s). Two alternatives may be possible for each
k,viz, (1,16) or (1,17)

L (v, xx(s)) =0 (1.16)
cx L (Vi %k (8)) = —CmCnP (Vin, Vas %m (8)s  %An(5)) 1,17
Equation (1,17) is valid if v™™=—1/; + v, + v, in the index of the exponent in

the right-hand part of Eq, (1,15) is the same as some index in the left-hand part of the
equation, Taking into consideration that all v, are negative, we conclude that | v™™ |
is always greater than the absolute value of those v from which v"™" are formed, The
right-hand part of Eq, (1,17) contains functions Xmand X with subscripts m, n << k,
hence (for fixed k) it is at every stage a known function of s.
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We denote by vy; the values of parameters v for which the homogeneous equation
(1,18) is solvable, and by v;, . . ., v, ... the ordered set consisting of numbers vg;
and v"™™ arranged according to their increasing absolute values,

Solving Eq. (1,16) with related boundary conditions represents a problem of eigenva-
lues, Equation (1,17) is nonhomogeneous and can be solved when v™™ are not eigen-
values of the corresponding homogeneous problem,

Let us now pass to the determination of eigenvalues of Eq, (1.16), Using the defini-
tion of operator L appearing in (1,14), we find that Eq, (1, 16) has the form of the hyper-
geometric differential equation

Lv, % (s)) == 2"Ys (ds — B)y"" (s) + 6% (s) [s (2 — v) — (1.18)
14 3¢ () v(1—=3v)} =0

For solving this equation we use for boundary conditions the reasonable assumption of the
absence of solution singularity at singular points s ==  and 6/, to which in the phy-
sical plane correspond the axis of flow symmetry and the limit characteristic, The pro-
cess of determining eigenvalues and eigenfunctions of Eq, (1,18) is described in detail
in [2), where it is applied to the problem of flow of a somnic gas stream past a body of
revolution, Eigenvalues of v lying to the right of point 1/, along the number axiswere
also determined in that paper, Unlike in that problem, here we are interested in that
part of the range of eigenvalues v which lies to the left of point !/, along the numer
axis, i, e, the part which satisfies condition (1,10),

The solution of Eq, (1,18) is a hypergeometric function which is regulat at the point
s == %4 for the following values of v :

Voi = —07Y20 — 1 - (242 + 24i + 1)), i.-1,2,.. (1.19)

Formula (1, 19) determines the eigenvalues of Eq,(1,18), For these values of v the hyper-
geometric series which are eigenfunctions ¥; (5) degenerate into polynomials, The de-
rived eigenvalues v, are not sufficient for obtaining the sought expansion of the Legen-
dre potential in powers of exp ¢, since in the series calculated by formula (1,19)values
of v™." are wedged-in between values of v, Functions x™" (s) corresponding to
these are to be determined by the solution of the nonhomogeneous equation (1, 17) with
boundary conditions for the regularity of solution at points ¢ = 0 and ¢/,

We pass to the computation of v, We have

VI e 1/ v

Owing to the validity of inequalities

1.1
[Voul << [Voal <T VB << |vgsl
we assign to v, v, and v, the following values:
Vi == Vou, Vo T Voo, Vg = vhli= V5 4 2vy (1.20)
According to the definition of v™.

vh2 = Yo vy b vy, VB = Y by vy, VR = Y
2vy, VB3 = Uy vy vy, VAR = 15 4 2vy

Absolute values of these quantities satisfy the inequalities
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[vgl < Vo3| << [vh2] < W93 < [vgql < [v3:2|

Because of this we can extend sequence (1.20) as follows:
Vi == Voa Vs = VI = Uy 4 vy o vy, ve = vi3= —2/3 +
3V01, V7 == V04
In solving Eq, (1,17) it is reasonable to assume that
Ck = cmcn (1-21)

Equation (1, 17) now assumes the form

L (mn, 3 () = — P (4 (9, % (5)) (1.22)

whose right-hand side is a known function in the form of a polynomial, Using this con-
dition it is possible to show by the method of induction [2] that functions ¥™™ (s) which
satisfy Eq, (1.22) are also polynomials,

For the derived v, the expansion of the Legendre potential (1, 9) is of the form

@ (s, 0) == coexp (6/3) 4 ¢y (5) exp (vy0) 4 €% (5) exp (vee0) - (1.23)
csxs () exp [(—V5 -+ 2v4)0] -+ egxq (8) exp (vo50) +
esxs () expl(— Yy 4 voy - vgo) 6] - coxe () exp [(—2/5 +
3vor) 6] + %7 (s) exp (vou0) + . ..

where the indices v; are determined by formula (1,19), In this expansion all functions
i (S) are known polynomials, Some of the constants c¢;, namely those which in expan-
sion (1,23) appear at the eigenfunctions of the homogeneous equation (1,16), are arbit-
rary and have to be determined by the boundary conditions of a specific problem, Re-
maining constants appearing in terms originating from the nonhomogeneous equation
(1,17) must be determined by formula (1, 21),

Let us pass in expansion (1, 23) from the variables s and o to variables 1 and r,
using for this the transformation formulas (1, 8). For the variable 1} we obtain

N = Wi = 65 (s — 1)(2s — 3)=2

which shows that 7 depends only on the variable s , Hence ¥%; (s) are functions of the
variable 7. Using one of the formulas (1, 8), we obtain

exp (Vo) = 9 i, 97 Wk Vg AV (2s — 3)"k (1,24)

Taking into account that s == s (1)) and substituting in expansion (1, 23) expression
(1.24) for the various powers exp o , we obtain

g(s,0)=¢ (m,v) = c@o (M) V' + @y (1) Ve - 0,Qs (MU Ve - (1,25)
Q5 (VA=) + ¢,Q, (MU 4= ¢5Q5 (Vs tvotvor) -
300 () L5000 4 €0y () v

Qp (m) = 9-2737 (25 — 3)™'? 1, (9)

Owing to the method of its derivation, solution (1, 25) is regular along the limit charac-
teristic, hence it can be analytically continued over that characteristic, Whether this
regularity of solution is maintained in its mapping onto the physical flow plane is not
clear, This aspect is investigated below,
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2. Let us apply the solution derived in [1] in variables of the physical plane, We
recall that we seek a solution of the Kdrman equation (1,1) in the form (1, 3), Substi-
tuting the sum (1, 3) into Eq, (1,1) and linearizing the equation for | Oy | < | Dy |,
we obtain for function @(z, r) a homogeneous linear equation of the second order,
The solution of this equation is sought in the form of series

0

D, (2, 1) =D Co T, (B); (2.1)
i=1
where Cy, are constants, The solution of the problem of eigenvalues yielded in [1] the
formula for indices w;

o =771 2 — 1+ A), A = (242 + 24i 4 1)2, i=1,2.. (22

and a system of functions f,; (§) which ensure the continuity of velocity and other pa-
rameters along the z -axis and the limit characteristic (such functions are called natural),
It was also shown that functions f., (E) are polynomials,

Let us map the physical flow plane onto the hodograph piane, For this we expandva-
riables z and r into series in self-similar functions in hodograph variables, In accord-
ance with (1, 2), (1, 3) and (2,1) the perturbation velocity components are defined in the
physical plane by

"= %%;)— _ r,s"; [F() ('g) ._L r(ox'H[rFl (E) + rwg+'f7F2 (g) + .”] (2. 3)
Y =% y+ty wgt¥fs
v =1 [Go (B) F TG (B) + TG (B) + (2.4)

Using (2, 3) and (2, 4), for the self-similar variable v we obtain the expansion

3 Fa ) 2 Iy O 2
= =G é) [+ Hy € rosth - Hy (§)romt 4 Hy (§) riotin - (2.5)

Hy @) r - Hy Q) rovenss + Hy (§)rsom 4. |

’n:

In virtue of (2, 4) the variable r can be represented in the form
r=ag@ v +riE ), nEv) = e vt (2.6)
k=1

where @, (§) v=" is the principal term and the sum ry (€, v) in the considerd region
is small in comparison with the principal term, To determine exponents f§, we substi-
tute expansion (2, 6) into the right-hand part of formula (2,4), Using the condition of
equality of the right- and left-hand parts of the derived identity, we determine success-
tuely all exponents By. The expansion of 7 in powers of v then assumes the form

r=ao(§) v+ a; (B) v L g, (B) vt L gg (B) vt - (2, 7)
ay (E) U1~ + ag (E) 17 /s(eor+-ong) + ag (g) 13— sy -+ ...
However this is not the final expansion, since the coefficients depend on the variable &
and not on the hodograph variable. The expansion of § in hodograph variables is deri-
ved below,
The substitution of (2, 7) into formula (2, 5) yields

N = ho(E) -+ hy (B) vent¥) |- hy (B) v est™) - by () 07 *M 0 4 (2, 8)
h,4 (g) p—ie(st2]7) + h5 (g) vt (et ey) + hG (E) p-Pislonts) -»'f aen
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ho(B) = Fo? (8) Go® (B) (2. 9)
Taking into consideration expansion (2, 8) we represent £ in the form
E=Em+&MV, &M ="hM (2.10)

g v)= D g(Mv'F
k=1

where /7,71 denotes the inverse of operator hy. Function , (1) is the principal term
in the expansion (2,10), and function E; (1, v) is assumed to be small in comparison
with o (1). To determine exponents <y; we substitute expression (2, 10) into the right-
hand part of expansion (2, 8), We note that the variable £ appears in (2, 8) only as the
argument of functions Ao (§), £, (), ... The values of these functions at point t de-
fined by formula (2,10) can be determined by expanding them into Taylor series in the
neighborhood of point E,

m@wkZgﬂmWQ=m¢o+M@“é¥ﬂmfh+mu=mtm“@Jn

k=1
with

ho (&) = ho (A (W) ) =M (2.12)
Comparison of the left-and right-hand parts of expansion (2, 8) with allowance for (2,11)
and (2, 12) successively yields exponents Yy, Y2, . . - . The expansion of { in the ho-

dograph plane now assumes the form

E— hEI (,rl) + b (,rl) U"/I("’ﬂ"h) + b, (n) v-’/n(‘”ﬁ’h) + by (n) v—“/o(mx+’/1) + (2.13)
b4 (n) U-’/'(mﬂ’/v) + b5 (,n) v—‘/-—"/'(ﬂﬁmz) + b6 (n) v*"/'(“’ﬁ’lv) + ...
Using a formula similar to (2,11) we expandin formula (2, 7) the operators a4, 4;, . . .

for & defined by formula (2, 13) and for the expansion of r in hodograph variables we
finally obtain

—? -1/, 4 - _7;‘ -1 ._u/
= Ro (v + Ry (v 4 Ry (v 4 Ry TR 4 (2414
¢ . —21/
H4 (T]) U_l_“ma + R'{, (7]) v—"/,.’/,(mﬁw,) + RG (n) vr-“/o oy

The object of these transformations is to obtain an asymptotic expansion of the Legendre
potential in the hodograph plane by using the known solution in the physical plane, As
implied by formula (1,4), to do this it is necessary in addition to the expansion of r to
have the expansion of the variable 2 and of the -perturbed velocity potential @ in the

hodograph plane, We omit the cumbersome computations and present these expansions
in their final form

= gr‘/': =X, () ot + X, (,n) U_‘/'J/’m”—i— X, (1) vv—‘/i-’/"‘h 4 | | (2,15)
X3 (7]) L,_.//’_“!’“’l _L_o X‘4 (,rl) v"', 7[00 + X5 (1]) U-',’c—ﬂ-(uﬁ-wl) + XG(n) v“‘ /921 90y + .
D= "_’/70 (E) + 2 cwirwifwi (E) = Eo (7]) U’/' -+ El (T]) U—.’/’ml -+
i=1
Ey () v Ey () o™ By () 071 o B () p e
Ee (n) v—‘/u—"/»'wx + .
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Formulas (2, 14) and (2, 15) make it possible to present the expansion of the Legendre
potential in the form

P v) = Qo) 4+ Q)T - Qo (v Qu (T - (2.16)
g24 (n) L’J‘ g - QE (n) U—%—’/n(wﬁ“mz) + g?s (n) U"‘/v—"/owx - Q? (rl) Uu;"m‘ .

where ; are defined by formulas (2, 2),

This expansion is the result of mapping onto the hodograph plane the solution which
in the physical plane of flow is regular along the limit characteristic, Let us compare
it with the similar expansion of the Legendre potential (1, 25) obtained by solving the
problem in hodograph variables,

It will be seen from formulas (1,19) and (2, 2) that the relationship between exponents
Vo and o s defined by g6 b e (217
which shows that exponents at the variable v in expansions (1.25) and (2, 16) are the
same, Condition (2,17) and the law of formation of exponents of series (2,16) which
was obtained from the condition of solution regularity at the limit characteristic of the
physical plane make it possible to conclude that solution (1, 25) has also the property
of regularity,

Note that the asymptotic representation of the velocity potential (1, 3) derived in [1]
by linearizing the Kdrman equation with respect to function ®; (z, r) was used above,
Itappeared, however, that this solution mapped onto the hodograph plane is of the same
form as (1, 25) which was obtained by solving the nonlinearized equation which is an
exact analog of the Kdrmdn equation for the Legendre potential,

If the terms which are nonlinear with respect to function @, (z, r) were taken into
account in the Kdrmdn equation (1, 1), terms containing r in power 2@, - /7, ®; -+
wy -+ 2/7, ... (these additional exponents are formed according to the law @™ ==
®,, + ©, + %/;) would appear in the asymptotic formula (2,1), However this solution
mapped onto the hodograph plane is also of the form (2, 16), the only difference being
in the coefficients Qj, Q;, 26, . - - -

The conformity of solutions in the physical and the hodograph planes of the problem
of flow of a sonic stream of gas past a body of revolution was established in [8],

In conclusion the author expresses her sincere appreciation to O, 8, Ryzhov for the valu-
able advice and discussions,
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Dependence of the pattern of variation of gas parameters on the deviation of the
oncoming stream velocity from sonic is established as the result of investigation
of flow at great distances from bodies of revolution, This dependence makes it
possible to determine the law of drag variation at transonic speeds, which is con-
firmed by calculations presented here,

The weak effect of the oncoming stream velocity on the deviation of parame-
ters at the body upstream of the compression shock from their values at sonic
speed at infinity is a property of transonic flows, known as the law of stabiliza-
tion, It was discovered experimentally and expounded in [1] for plane flows,
The relation of the stabilization law to the pattern of the stream at great distan-
ces upstream of a compression shock was established in [2, 3], In the first of
these the assumption is made that the drag is weakly dependent also on the velo-
city at infinity, which is not supported by experimental data, The latter reveal
a rapid motion of the compression shock toward the body trailing edge, when
the velocity of the oncoming stream approaches the speed of sound, For constant
parameters upstream of the shock the drag is affected not only by the motion of
the shock itself, but also by parameters downstream of it, For the determination
of the dependence of the drag of a body on the oncoming stream velocity, it is,
consequently, necessary to investigate the flow downstream of the shock,

1, Let us briefly state the properties of sonic flows at great distances from a body of
revolution . which will be required subsequently, They were investigated in [4¢ — 11] and
provide a fairly complete picture of the flow as a whole, In particular, they clarify the
nature of incipient formation of drag of a body at sonic velocity,

Since investigations [4 — 11] imply that at great distances from a body the compres-
sion shock intensity is low, hence there exists a velocity potential which can be repre-



